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a b s t r a c t
Alspach conjectured that any 2k-regular connected Cayley graph on a finite abelian group
A has a hamiltonian decomposition. In this paper, the conjecture is shown true if k = 3,
and the order of A is odd.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A Cayley graph Γ = Cay(A, S) is a graphwhose vertex set is a group A. This paper will assume that A is finite and abelian,
thus the notation will be additive. Let S ⊆ A \ {0} be a subset of nonidentity elements of A, called the connection set of Γ ,
such that if s ∈ S, then −s 6∈ S. The edge set of Γ is defined to be {x, y} ∈ E(Γ ) if and only if x − y ∈ S or y − x ∈ S. Γ
is connected if and only if S is a generating set for the group A. Thus Γ is a simple, undirected, vertex-transitive graph. If
x− y = s or−s for some s ∈ S, we say that {x, y} is generated by s. A subgraph H of Γ is generated by s if every edge in H is
generated by s. Let |s| denote the additive order of the element s. Clearly, if |s| = 2, then s generates a 1-factor (a 1-regular
spanning subgraph) and if |s| > 2, s generates a 2-factor of G. If S := {s1, . . . , sk} and |si| > 2 for all 1 ≤ i ≤ k, then Γ is
2k-regular.
It is known that any connected Cayley graph on a finite abelian group is hamiltonian. This was proved in [12], though it
appeared earlier as a problem in [11], and again as a result of the well-known Chen–Quimpo Theorem [3]. In [1], Alspach
conjectured that any 2k-regular connected Cayley graph on a finite abelian group has a decomposition into k edge-disjoint
hamiltonian cycles. This is trivially true if k = 1, for any such graph is already a hamiltonian cycle. Bermond et al. [2] proved
the conjecture true when k = 2.
Theorem 1 (Bermond et al. [2]). Every 4-regular connected Cayley graph on a finite abelian group is decomposable into two
hamiltonian cycles.
∗ Corresponding author. Tel.: +1 906 523 5177.
E-mail addresses: eewestlu@mtu.edu (E.E. Westlund), jliu@emich.edu (J. Liu), kreher@mtu.edu (D.L. Kreher).
URL: http://www.mathlab.mtu.edu/∼eewestlu (E.E. Westlund).
0012-365X/$ – see front matter© 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2009.03.043
E.E. Westlund et al. / Discrete Mathematics 309 (2009) 5106–5110 5107
When k ≥ 3 the problem is still open (see [4]). In [5], the following was proved for circulant graphs, i.e., Cayley graphs
on a cyclic group.
Theorem 2 (Dean [5]). Every connected 6-regular circulant graph of odd order has a hamiltonian decomposition.
In this paper, we generalize this by proving the following main result.
Main Theorem. Every connected6-regular Cayley graph on an abelian group of odd order is decomposable into three hamiltonian
cycles.
2. Preliminary results
If Γ = Cay(A, S) is connected, 6-regular, and odd order, then S = {s1, s2, s3} and |si| > 2 for i = 1, 2, 3. We recall some
definitions and preliminary results.
Theorem 3 (Fan et al. [6]). Let A be a finite abelian group, and S = {s1, s2, s3} be a generating set for A. If S has an element
si of odd order such that for J := 〈si〉, |A/J| ≥ 9, and |sj| ≥ 3 for j 6= i, where sj := sj + J , then Cay(A, S) has a hamiltonian
decomposition.
Theorem 4 (Fan et al. [6]). If A is a finite abelian group of odd order, with generating set S = {s1, s2, s3}, such that |s1| ≥ |s2| >
|s3|, then Cay(A, S) has a hamiltonian decomposition.
Theorem 5 (Liu [7]). If A is a finite abelian group of odd order and S = {s1, . . . , sk} is a minimal generating set for A, then
Cay(A, S) has a hamiltonian decomposition.
Theorem 6 (Li et al. [10]). Any connected Cayley graph on an abelian group of order p2 or pq, where p and q are odd primes, has
a hamiltonian decomposition.
Let Cn = a1a2 · · · ana1 and Cm = b1b2 · · · bmb1 denote cycles of length n and m respectively, where all subscripts are
expressed modulo n andm, respectively.
Definition 1. The r-pseudo-cartesian product Cn×r Cm, where 0 ≤ r < m, is the simple graph with vertex set {(ai, bj) : 1 ≤
i ≤ n, 1 ≤ j ≤ m} and edge set consisting of horizontal and vertical edges defined below:
Horizontal edges:
{{(ai, bj), (ai+1, bj)}, {(an, bj), (a1, bj+r)} : 1 ≤ i < n, 1 ≤ j ≤ m}.
Vertical edges:
{{(ai, bj), (ai, bj+1)}, {(ai, b1), (ai, bm)} : 1 ≤ i ≤ n, 1 ≤ j < m}.
Note, if r = 0, then Cn×0 Cm = Cn× Cm, is the usual cartesian product. The set {{(ai, bj), (ai+1, bj)} : 1 ≤ i < n} is called
the bj-row, and the set {{(ai, bj), (ai, bj+1)} : 1 ≤ j ≤ m} is called the ai-column. Edges of the form {(an, bj), (a1, bj+r)} for
1 ≤ j ≤ m are called jump edges.
Remark 1. If gcd(r,m) = t in Cn×r Cm, then the horizontal edges form a 2-factor H , which consists of t cycles of length
mn/t , and any consecutive t rows of Cn×r Cm are on t different cycles of H . If H is given an orientation, so that each cycle in
H becomes a directed cycle, then all horizontal edges in the rows contained in a particular cycle have the same direction.
Theorem 7 (Fan et al. [6]). Every r-pseudo-cartesian product Cn×r Cm can be decomposed into two hamiltonian cycles.
Remark 2. If C and C ′ are vertex-disjoint cycles and {a, b} ∈ E(C) and {c, d} ∈ E(C ′), then the following is a cycle:
(C ∪ C ′ − {{a, b}, {c, d}}) ∪ {{a, c}, {b, d}}.
Furthermore, given a cycle C , let {a, b}, {c, d} ∈ E(C) be separated by at least two edges. Then,
F = (C − {{a, b}, {c, d}}) ∪ {{a, c}, {b, d}},
contains at most 2 cycles. Further, if a, b, c, d appear on C in that order, then F is a cycle.
Liu defined the following class of graphs, called D3, in [8] (see Fig. 1 for an example).
Definition 2. For integersm, n ≥ 3, let a D(3,m, n)-graph be a 6-regular graph G, satisfying:
1. V (G) = {(ai, bj) : 1 ≤ i ≤ n and 1 ≤ j ≤ m},
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Fig. 1. The circulant graph Cay(Z42, {3, 6, 7}) = H1 ∪ H2 ∪ F , drawn as a D(3, 6, 7)-graph (see Example 1).
2. E(G) is partitioned into three sets, F , H1, H2, where
F = {{(ai, bj), (ai, bj+1)}, {(ai, b1), (ai, bm)} : 1 ≤ i ≤ n, 1 ≤ j < m},
H1 = {{(ai, bj), (ai+1, bj)}, {(an, bj), (a1, bj+r1)} : 1 ≤ i < n, 1 ≤ j ≤ m},
H2 = {{(a2pi(i), bj), (a2pi(i+1), bj)}, {(a2pi(n), bj), (a2pi(1), bj+r2)} : 1 ≤ i < n, 1 ≤ j ≤ m},
where r1 and r2 are integers, 0 ≤ rk < m, pi ∈ Sym(n), and (a2t , bj) = (at , bj+ht ) for some integer ht , where 0 ≤ ht < m.
Remark 3. D(3,m, n)-graphs can be viewed as two pseudo-cartesian products that share a common vertical 2-factor.
Indeed, F , H1, and H2 are each 2-factors, H1 ∪ F ∼= Cn×r1 Cm, and H2 ∪ F ∼= C2n ×r2 Cm, with the edges of F vertical, the
edges of Hj horizontal, and
C2n = a2pi(1)a2pi(2) · · · a2pi(n)a2pi(1).
Definition 3. IfΓ = Cay(A, {s1, s2, s3}) is a 6-regular Cayley graph on a finite abelian groupA, and J = 〈s3〉, then the quotient
graph∆ = Cay(A/J, {s1, s2}), is a Cayley graph on the quotient group A/J , where si := si + J for i = 1, 2.
Definition 4. If {x, y} ∈ E(∆), where x− y = si, then the set
L∆{x, y} = {{u, v} : u = x, v = y, u− v = si}
is called the lift {x, y}. Furthermore, given a subgraph F of ∆, let F be the subgraph of Γ that is induced on the lifts of all
edges of F . Then F is called the lift of the subgraph F , or we say that F is the subgraph which F lifts to.
Edge-disjoint subgraphs of ∆ lift to edge-disjoint subgraphs of Γ . Any hamiltonian cycle of ∆ lifts to a 2-factor of Γ . The
following is Lemma 5 in [7]:
Theorem 8 ([7]). Let Γ = Cay(A, {s1, s2, s3}) and let J = 〈s3〉. If ∆ = Cay(A/J, {s1, s2}) can be decomposed into two
hamiltonian cycles,
H1 := a1, a2, . . . , an, a1 and H2 := api(1), api(2), . . . , api(n), api(1),
then Γ is a D(3,m, n)-graph, with m = |J|, n = |A/J|, where Hi is the 2-factor that Hi lifts to, and F the 2-factor generated by s3.
Note, Theorem 8 is implicitly assuming that s1, s2 6∈ J , for otherwise,∆ is not 4-regular, and thus cannot be decomposed
into two hamiltonian cycles.
Example 1. Consider the circulant graph Γ = Cay(Z42, {3, 6, 7}). If J = 〈7〉, then the quotient graph is ∆ = Cay(Z42/J,
{3, 6}), which has a hamiltonian decomposition into cyclesH1 andH2, generated by 6 and3, respectively. Thus, by Theorem8,
Γ is a D(3, 6, 7)-graph, where Hi lifts to the 2-factor Hi which is generated by 6 if i = 1, or 3 if i = 2, and F is the 2-factor
generated by 7. Hence, H1 ∪ F = C7 × C6 and H2 ∪ F = C27 ×3 C6, where pi = (253)(467). Also, (a2i , bt) = (ai, bt+hi), where
hi = 0 for 1 ≤ i ≤ 4 and hi = 3 for 5 ≤ i ≤ 7.
Color switching on edge-disjoint 4-cycles was used by Liu [8,7,9] and Fan et al. [6] to obtain hamiltonian decom-
positions, and will be needed for the proof of the Main Theorem.
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Definition 5. An {ai, ai+1, bj, bj+1}-color switching in Cn×r Cm interchanges the color of the edge set
{{(ai, bj), (ai+1, bj)}, {(ai, bj+1), (ai+1, bj+1)}}
with the color of the edge set
{{(ai, bj), (ai, bj+1)}, {(ai+1, bj), (ai+1, bj+1)}},
for some 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ m.
3. Proof of main theorem
Proof. Suppose Γ = Cay(A, S) is a connected 6-regular Cayley graph on a finite abelian group A of odd order. Then, without
loss of generality, we may assume that the generating set is S = {s1, s2, s3} where |s1| ≥ |s2| ≥ |s3|. Furthermore by
Lagrange’s Theorem, |si| ≥ 3 is odd, for i = 1, 2, 3. The cases where |si| = |A| for some i = 1, 2, 3, |s2| > |s3|, or S is
a minimal generating set, are completely solved by Theorems 2, 4, or 5, respectively. Thus we may assume |s2| = |s3|. If
s1 ∈ 〈s3〉 and s2 ∈ 〈s3〉, then 〈s3〉 = A, i.e. Γ is a circulant, which is resolved by Theorem 2. If s1 ∈ 〈s3〉, but s2 6∈ 〈s3〉, then
|s1| = |s2| = |s3|, and so without loss of generality, there are two cases to consider. Either s1 6∈ 〈s3〉 and s2 6∈ 〈s3〉 or s1 6∈ 〈s3〉
and s2 ∈ 〈s3〉.
Case 1: s1 6∈ 〈s3〉 and s2 6∈ 〈s3〉.
Let J = 〈s3〉,m = |J|, and n = |A/J|. Thus, |A| = nm, and by Lagrange’s Theorem, bothm and n are odd. Let S := {s1, s2}.
Then, as si 6= 0 and n is odd, we have that |si| ≥ 3 is odd, for i = 1, 2. The quotient graph ∆ := Cay(A/J, S) is a 4-regular
connected Cayley graph. As J 6= A, and the case n ≥ 9 is settled by Theorem 3, we may assume 3 ≤ n ≤ 7. As n is prime,
|s1| = |s2| = n, and A/J ∼= Zn. Then, letting ai := (i− 1)s1, where 1 ≤ i ≤ n, we have:
H1 := a1, a2, . . . , an, a1 and H2 := api(1), api(2), . . . , api(n), api(1)
is a hamiltonian decomposition of∆, where Hi is generated by si, and pi is a permutation of {1, 2, . . . , n}. The cycles H1 and
H2 lift to two 2-factors, H1 and H2, which are generated by s1 and s2, respectively. H1 consists of t cycles of lengthmn/t ≥ m,
and H2 consists of n cycles of lengthm. If t = 1, then Γ is a circulant, and we may apply Theorem 2. Hence we may assume
that 3 ≤ t ≤ n and that t is odd. If 3 ≤ m ≤ 7, then |A| is the product of two odd primes, and we can apply Theorem 6.
Thus, we may further assume that nm > |s1| ≥ |s2| = m ≥ 9. By Theorem 8, Γ is a D(3,m, n)-graph. Color the edges of F
red, the edges of H1 black, and the edges of H2 blue. Hence, H1 ∪ F = Cn×r1 Cm and H2 ∪ F = C2n ×r2 Cm. Also, by Remark 1,
t = gcd(r1,m) and n = gcd(r2,m), so that m = (2k + 1)n for some k > 0. If ri = 0, then |si| = n < m, a contradiction.
Thus ri 6= 0 for i = 1, 2.
If n = 3, then t = 3, and any three consecutive rows in C3×r1 Cm, respectively C23 ×r2 Cm, lie on three different cycles. As
H1 = H2,∆ ∼= Cay(Z3, {1,−1}) is a 4-regular multigraph. By Remark 2, color switching at
{a1, a2, b1, b2} and {a2, a3, b2, b3}
in C3×r1 Cm, will join the three red cycles of F , respectively the three black cycles of H1, into hamiltonian cycles. Asm ≥ 9,
there exists an integer d such that all vertical edges between the bj-rows for d ≤ j ≤ d + 2 in C23 ×r2 Cm are red. The color
switchings
{a21, a22, bd, bd+1} and {a22, a23, bd+1, bd+2},
yield a hamiltonian decomposition.
If n = 5, then t ∈ {3, 5}. If t = 5 (i.e. |si| = m for 1 ≤ i ≤ 3), then by Remark 2, the color-switching configuration,
S1 := {{a1, a2, b1+2x, b2+2x}, {a2, a3, b2+2x, b3+2x} : x = 0, 1},
applied to C5×r1 Cm = H1 ∪ F , will yield a black hamiltonian cycle, and join together 3 of the 5 red cycles of F . Denote this
H ′1 := S1(H1) and F ′ := S1(F). Clearly, S1(H2) = H2, and so {H ′1,H2, F ′} is a 2-factorization of Γ . Note, up to a relabeling of
the ai-columns, either∆ ∼= Cay(Z5, {1,−1}), or∆ ∼= Cay(Z5, {1, 2}) = K5. If∆ ∼= Cay(Z5, {1,−1}), then H1 = H2, and we
may take pi = (1). The red and black vertical edges in the a3-column form a matching. Let e = (a23, bd)(a23, bd+1) be any red
edge in the a23-column. Apply the color-switching configuration S2 to C
2
5 ×r2 Cm, where
S2 := {{a23, a24, bd+2x, bd+1+2x}, {a24, a25, bd+1+2x, bd+2+2x} : x = 0, 1}.
It is clear that S2(H ′1) = H ′1, and {H ′1, S2(H2), S2(F ′)} is a set of three monochromatic hamiltonian cycles of Γ . Now consider
the case ∆ ∼= K5. Without loss of generality, pi = (2354), so that C25 = a21 a23 a25 a22 a24 a21. Let h be the integer such that all
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is a red 5-path. All vertical edges in the a24- and a
2
5-columns are red, and so the color-switching configuration,
S3 := {{a25, a22, b5+h+2x, b6+h+2x}, {a22, a24, b6+h+2x, b7+h+2x : x = 0, 1}},
applied to H2 ∪ F yields 3 monochromatic hamiltonian cycles. In the case t = 3, the color switches {a1, a2, b1, b2} and
{a2, a3, b2, b3} applied to H1 ∪ F and S2 or S3 applied to H2 ∪ F yield a hamiltonian decomposition.
If n = 7, then t ∈ {3, 5, 7}. If t = 7, then |si| = m ≥ 21 for i = 1, 2, 3. By Remark 2, the color switching configuration,
S4 := {{a1, a2, b1+2x, b2+2x}, {a2, a3, b2+2x, b3+2x} : x = 0, 1, 2},
applied toH1∪F = C7×r1 Cm, will yield a black hamiltonian cycle, and join the red cycles in the ai-columnswhere i = 1, 2, 3.
Note, up to a relabeling of the ai-columns, the quotient graph∆ is isomorphic to one of the following:
Cay(Z7, {1,−1}), Cay(Z7, {1, 2}), or Cay(Z7, {1, 3}).
If∆ ∼= Cay(Z7, {1,−1}), color switch at {a3, a4, b1, b2} and {a4, a5, b2, b3} in C7×r1 Cm to join two more of the red cycles of
F into one red 5m-cycle. Now, we may assume pi = (1). Let d be an integer such that e = (a25, bd)(e25, bd+1) is a red edge.
Then apply the color-switching configuration S5 to C27 ×r2 Cm, where
S5 := {{a25, a26, bd+2x, bd+1+2x}, {a26, a27, bd+1+2x, bd+2+2x} : x = 0, 1, 2},
to obtain a hamiltonian decomposition. If ∆ ∼= Cay(Z7, {1, 2}), then without loss of generality, pi = (235)(476), so that
C27 = a21 a23 a25 a27 a22 a24 a26 a21. Let h be an integer such that all vertical edges in the a22-column that are between the bj+h-rows,
where 1 ≤ j ≤ 7, are black. Define the switching configuration,
S6 := {{a23, a25, b1+h+2x+k, b2+h+2x+k}, {a25, a27, b2+h+2x+k, b3+h+2x+k} : x = 1, 2},
where k = 0 if {(a23, b3+h), (a23, b4+h)} is red, and k = 1 if not. S6 joins 5 of the 7 blue cycles of H2 into one cycle and joins
the red edges in the ai-columns into one cycle, where i = 1, 2, 3, 5, 7. By Remarks 1 and 2, the additional switches
{a22, a24, b7+h+k, b8+h+k} and {a24, a26, b8+h+k, b9+h+k},
produce a hamiltonian decomposition. If ∆ ∼= Cay(Z7, {1, 3}), then without loss of generality, pi = (243756), so that
C27 = a21 a24 a27 a23 a26 a22 a25 a21. Apply the color switches {a3, a4, b1, b2} and {a4, a5, b2, b3} to C7×r1 Cm to join all red edges in
the ai-columns into one monochromatic cycle, where 1 ≤ i ≤ 5. Let h be an integer such that the vertical edges in the
a23-column and between the bj+h-rows, 1 ≤ j ≤ 7 contain all four black edges. Clearly, {(a23, bi+h) : 7 ≤ i ≤ 13} is a red
6-path. Thus, apply the color-switching configuration,
S7 := {{(a27, a23, b7+h+2x, b8+h+2x)}, {(a23, a26, b8+h+2x, b9+h+2x)} : x = 0, 1, 2}
to obtain a hamiltonian decomposition. The cases where t = 3 or t = 5 follow identically from this, by letting S4 run over
x = 0, when t = 3, or x = 0, 1, when t = 5.
Case 2: s1 6∈ 〈s3〉 and s2 ∈ 〈s3〉.
In this case, 〈s2〉 = 〈s3〉 and s2, s3 6∈ 〈s1〉, for otherwise Γ is a circulant graph. Hence, we apply the technique of Case 1,
by setting J := 〈s1〉. 
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